True amplitude wave equation migration provides a quality migrated image of the Earth's interior. In addition, the amplitude of the output provides an estimate of the an angular-dependent reflection coefficient, similar to the output of Kirchhoff inversion. Recently, true amplitude wave equation migration for common-shot data has been proposed to generate amplitude reliable shotdomain common-image gathers in heterogeneous media. In this paper, we describe how to directly produce angle-domain common-image gathers from both common-shot and shot-receiver wave equation migration. Generating true amplitude shot-domain common-image gathers requires a deconvolution-type imaging condition using the ratio of the upgoing and downgoing wavefield, each downward-projected to the image point. Producing true amplitude angle-domain commonimage gathers requires instead the product of the upgoing wavefield and the complex conjugate of * Veritas DGC Inc., 10300 Town Park, Houston, TX 77072, USA (yu zhang@veritasdgc.com). † Veritas DGC Inc., 10300 Town Park, Houston, TX 77072, USA (sheng xu@veritasdgc.com We also demonstrate the new methods with some synthetic examples.
INTRODUCTION
True amplitude migration theory was first developed for Kirchhoff migration (Beylkin, 1985; Bleistein, 1987; Schleicher et al., 1993) ; it treats seismic imaging as an inverse problem of acoustic wave modelling. Among different migration methods, we prefer the true amplitude one because the migrated amplitudes are compensated for geometrical spreading loss and give a direct measurement of the angle-dependent reflection coefficient (Bleistein et al., 2001) . In practice, true amplitude
Kirchhoff inversion is applied in common-offset domain. Recent developments show that the common-angle domain is a natural choice to address the true amplitude issue and to unfold multipathed ray fields for complex velocity models (Xu et al., 2001; Stolk and Symes, 2004) .
As cheaper and faster computers become available, the demands of imaging complex geological structures have led to growing popularity of prestack migrations based on one-way wavefield extrapolation. The original one-way wave equations used for wave equation migration (WEM) (Claerbout, 1971) were designed to produce accurate traveltimes and reflector locations, but were not intended to produce accurate amplitudes, even at the level of leading order asymptotic WKBJ or ray-theoretic amplitudes. Another term -lower order in frequency -is needed in the one-way equations to at least provide ray-theoretic amplitude accuracy. Furthermore, the formulation of the double-square-root operator needs to be defined rigorously (Zhang et al., 2004) . Relying on true amplitude one-way wave equations introduced by Zhang (1993) , Zhang et al. (2003; 2005a) developed true amplitude common-shot migration for heterogeneous media designed to output shot-domain common-image gathers (SDCIGs). When we speak of true amplitude one-way wave equations, we mean partial differential equations that are first order in the depth variable z and support amplitude propagation at least at the accuracy of ray theory for the full (two-way) wave equation. When we speak of true amplitude wave equation migration (WEM), we mean a process that combines one-way propagation of data from the acquisition surface and an imaging condition so that the output is the same as Kirchhoff inversion; that is, true amplitude WEM produces a reflector map with a peak amplitude on each reflector in known proportion to a specular reflection coefficient. In practice, although achieving reliable migration amplitude is difficult and relies on both geophysical assumptions and data processing skills, true amplitude migration is currently the best choice available for extracting rock property information from the migrated sections.
In this paper, we take a further step to show how to apply true amplitude one-way wave equations to produce true amplitude angle-domain common-image gathers (ADCIGs). We describe here the design of two true amplitude migration algorithms, one based on common-shot migration and the other based on a modified double-square-root one-way wave equation. In order to convert the SDCIGs to the ADCIGs, we find that it necessary to introduce an extra integration in the processing formula to compute the average of outputs over a small patch of a reflection angle and an azimuth angle at the subsurface image point. Each angle defining a ray direction in 2D or a ray angle pair in 3D at the image point corresponds to a different source point at the upper surface.
Then, integrating over an angular patch on the unit sphere of directions at the image point can be transformed to integrating over a surface source area. Such a transformation of coordinates introduces a Jacobian which is closely related to the theoretical amplitude from the source. As a consequence, we concluded that although true amplitude SDCIGs require using the ratio of the upgoing wavefield and downgoing wavefield, p U /p D , in the imaging condition, p U p * D turns out to be the right integrand in the imaging condition for true amplitude ADCIGs. That is, there is no division by p D in the final processing formula; through the averaging process, we transform a true amplitude deconvolution imaging condition into a true amplitude correlation imaging condition.
Hence, in practice, the proposed methods are more attractive: they are numerically more stable than computations that employ quotients of amplitudes, produce less migration artifacts and give improved migration amplitudes for AVA analysis.
In the next section, we develop the newly proposed inversion formula for shot-domain inversion for true amplitude WEM (Zhang et al., 2004) . We propose an imaging condition employing the correlation product of waveforms,
We then show why the integration leads to a true amplitude output by using ray theoretic approximations of these waveforms and comparing the angle average discussed above to a Kirchhoff inversion formula. This result is derived in two dimensions and the corresponding formulas for three dimensions are stated.
The third section addresses shot-receiver migration via true amplitude wave equation migration for angle-domain gathers using the double-square-root (DSR) operator. Here again, the product of waveforms appears in the imaging condition.
We then discuss alternative methods for producing estimates of the incident angle of the reflection coefficient in 2D and the incident plus azimuthal angle in 3D.
In the last section, we provide a synthetic example for a stratified medium and a more complex model data example to demonstrate the implementation of our method.
TRUE AMPLITUDE ADCIGs FROM COMMON-SHOT MIGRATION
To simplify our discussion, let us begin by considering two-dimensional common-shot migration using true amplitude one-way wave equations with wave speed v and angular frequency ω:
and
with x = (x, z), Λ and Γ being pseudo-differential operators given by
In equations 1 and 2, x s = (x s , 0) is the shot location, p D is the downgoing response to the impulsive boundary condition at z = 0 and p U is the upgoing wave that must equal the observed seismic data Q at the upper surface. The migration formulation for the downgoing wave in equation 1 differs from the true amplitude common-shot migration proposed in Zhang et al. (2005a) in the initial condition for p D . The formulation of true amplitude common-shot migration in 3D is fairly similar, with Λ and Γ being defined in a 3D version by
and the shot locations x s = (x s , y s , 0) covering the whole surface.
To obtain the image, we propose the following correlation-type imaging condition
The multiplier −i · sgn(ω) is introduced to obtain the correct inversion phase in 2D (Bleistein et al., 2001) . In 3D this term should be modified to 1/(iω).
the following asymptotic forms of p D and p U in terms of the traveltimes and amplitudes of the full wave equation Zhang et al., 2005a )
In equations 6 and 7, x r = (x r , 0) represents a receiver location, v s0 and v r0 are the wave speeds at the upper surface shot and receiver points and α s0 and α r0 are the emergence angles of the ray from the image point to the shot and receiver points, respectively. A(x; y) and τ (x; y) are amplitude and traveltime functions with source at x and observation point at y, which are the solutions of the transport and eikonal equations for the full wave equation, respectively.
Substituting the ray-theoretic wavefield approximations given in 6 and 7 into the imaging condition 5 leads to
Here, we use the simplifications:
To understand the physical meaning of I(x; x s ) defined in 8, we recall the following true amplitude common-shot inversion formula in 2D in Keho and Beydoun (1988) R(x;
where R(x; x s ) is the reflectivity function reconstructed from the seismic reflection response induced by a shot at x s = (x s , 0). It has been shown (Bleistein et al., 2001 ) that R(x; x s ) is asymptotically a series of band-limited delta functions; each delta function peaks on a reflecting surface in the interior. The peak value on the reflector is in known proportion of the angle-dependent reflection coefficient at specular incidence angle. For each choice of x and x s , the integration over x r is dominated by stationary points that pick out the specular ray pair from source to image point and receiver to image point ( Figure 1 ). Thus, we can equivalently write the reflectivity as R(x; θ), with θ being the specular incidence angle. When there are caustics and multi-pathing of rays, this result is only true on separate intervals between the emergence points of caustics on the acquisition surface. Now let us fix a reflection angle θ and an angle increment , and take an average of the reflectivity function as follows:
where S(x s ; θ) represents the collection of shots such that the specular reflection angle at imaging location x is within the angle range [θ − /2, θ + /2]. In these intervals between caustics, the mapping x s (θ) from ray angles at the image point to source points at the acquisition surface is either single-valued or nonexistent. In the latter case, the integral in equation 10 is zero, which means the reflectivity at a certain angle cannot be imaged or illuminated by the seismic data. In the former case, we can prove that the rightmost expression forR(x; θ) in equation 10 is bounded and makes sense mathematically as an average of neighboring reflectivity values even when θ passes through a critical value; we need only take θ sufficiently small to obtain a meaningful average of neighboring values and then carry out the map of this interval (these intervals) to determine the image domain(s) S(x s ; θ) for each θ.
In Bleistein et al. (2005), we derive an expression for |dx s /dθ| in terms of the Jacobian for the family of rays propagating from the image point to the surface. Then, by inverting, we show that
By using the right side of this equation and the reflectivity formula of equation 9 in the angle-averaged reflectivity of equation 10, we conclude that
Comparing the angle-averaged reflectivity in equation 12 with the reflectivity formula in equation 9, we see an important difference between the two inversion formulas: while true amplitude commonshot inversion 9 has the amplitude quotient A r /A s in the integrand, true amplitude angle-domain inversion 12 requires the product of the two amplitude, A s A r , to weight the image. The averaging process leading to the representation ofR(x; θ) in equation 12 requires sufficiently dense shots so that the sum over the shots is a reasonable approximation of the integral over x s .
Using equation 8 for I(x; x s ), we can recast the representation ofR in 12 as
The integral over the angle dependent shot range S(x s ; θ) suggests a conversion from SDCIGs to ADCIGs.
The above analysis leads us to the following 2D true amplitude ADCIGs algorithm based on common-shot wave equation migration: 2. Apply the correlation-type imaging condition during the migration;
3. Use an existing method to output ADCIGs, for example, Rickett and Sava (2002) .
Later, we will review some proposed methods to obtain ADCIGs in the geophysics literature.
In 3D, the reflectivity function depends on both the reflection angle θ and the azimuthal angle φ ( Figure 2 ). Therefore in 3D, 10 should be modified as a double integral on a surface element S centered at (θ, φ) with an angular area of
According to Bleistein et al. (2005) ,
where A s and A r are the ray-theoretic or WKBJ Green's function amplitudes initiated at the source or receiver point, respectively, and observed at the image point. Therefore, substituting the 3-D common-shot inversion formula , 
Similar to 2D, if we define the following correlation-type imaging condition in 3D
thenR
Hence, the aforementioned 2D ADCIGs algorithm can be generalized to the 3D case if we change the imaging condition of equation 5 into the imaging condition of equation 18.
DSR EXTRAPOLATOR AND TRUE AMPLITUDE SHOT-RECEIVER MIGRATION
There are two ways of implementing prestack one-way wave equation migration. In the previous section, we migrate a common-shot record by solving two one-way wave equations defined by the single-square-root operator iΛ. Another possible choice is shot-receiver (or survey-sinking) migration, which migrates all the recorded data by solving the following DSR equation (Claerbout, 1985) , taking 2D as an example,
where
given by in equation 20 is
and Λ U is defined similarly.
The equivalence of shot-receiver migration and common-shot migration with a cross-correlation imaging condition has been discussed in the geophysics literature for conventional one-way wave equations (Wapenaar and Berkhout, 1987; Biondi, 2003; Shan and Zhang, 2003) . A similar equivalence also holds for the true amplitude one-way wave equation and can be used to produce true amplitude common-angle gathers from shot-receiver migration. We define the wavefield
where p U and p D satisfy the one-way wave equations 1 and 2. The right side here is a cross correlation of the upward and downward wavefields with source position (x, 0). Observe that
We use the differential equations 1 and 2 to eliminate the z-derivatives under the integral sign here and find that ∂p ∂z
Therefore, we find that p actually satisfies the following true amplitude DSR one-way wave equation
with initial condition
We introduce the subsurface offset image-gather function,
with half-offest h in the transverse direction. For the shot-receiver migration using p as defined in equation 25 with initial condition as given in equation 26, we use this function J at h = 0; that is,
To better understand J(x; 0), we substitute the ray-theoretic wavefield approximations for p U and p D , equations 6 and 7, respectively, into the definition of p in equation 22 . Then, we use this representation for p in the image function J(x; 0) to obtain the following asymptotic expression
Comparing this approximation for J(x, 0) with the approximate imaging function I(x; x s ) of equation 8 and the reflectivity function of equation 13, we conclude that
that is, J(x; 0) is the full stack of the all the true amplitude ADCIGs. To decompose J(x; 0) into true amplitude ADCIGs in 2D, we use the technique proposed by Sava and Fomel (2003) : in addition to generating the stacked image J(x; 0), we also compute the subsurface offset gathers J(x; h) as defined by equation 27. Then, in the frequency-wavenumber domain, we can use the following relation to obtain angle information
The above analysis leads to the following algorithm to generate true amplitude ADCIGs from shot-receiver migration: 
ADCIG CONVERSION FROM WEM
The true amplitude migration algorithms we have proposed contain the following three steps:
1. Propagate wavefields using the true amplitude one-way wave equations together with correct initial conditions on the upper surface;
2. Use the correlation-type imaging condition to generate the image;
3. Convert the output images to ADCIGs.
In the previous two sections we have discussed step 1 and 2. In this section we will review some existing techniques of generating ADCIGs, as required by step 3. In the discussion, we will rephrase the formulations to meet the need of 3D true amplitude migration.
Currently, the most popular way of generating ADCIGs is due to Sava and Fomel (2003) , which suggests producing subsurface offset gathers first and then applying a simple Radon transform to extract angle gathers according to equation 31. However, the simple relation 31 is only strictly valid for 2D processing and its 3D generalization is far more complicated. Following Fomel (2004) ,
Therefore to generate 3D angle gathers, we have to generate a five-dimensional image cube
and then extract the angle information via a five-dimensional transformation defined by equation 32. Such an approach requires significant computational cost for the additional angular information being extracted, especially for common-shot migration.
we can only output the gathers with the absolute offset h = h 2
The angle gathers can be obtained by the following realtion
This method saves a lot of output storage, however increases the computational cost by the additional convolution along z direction.
Xie and Wu (2002) and Soubaras (2003) proposed to decompose the image into different propagation angle components
Here,
are unit vectors in the direction of the rays from source and receiver at the image point, respectively ( Figure 2 ). The decomposed upgoing wavefield P U can be obtained by a local plane wave decomposition
In equation 38, W (x, y) is a spatial window function centered at (0, 0). It is used to guarantee the localization of the wavefield decomposition. The downgoing wave propagation direction is defined by the vector α r of equation 37 and the angle-dependent wavefield P D (x; α r ; x s ; ω) can
Given the wavefield propagation directions from the source and the receiver, α s and α r , it is straightforward to determine the reflection angle θ and azimuth angle φ with the aid of Figure 2 :
whereẑ = (0, 0, 1). In this last equation, note that the first scaled vector cross product is a unit normal to the plane of α s and α r , while the second scaled cross product is a unit normal orthogonal to the plain of the veritical axis andν. Then, the dot product of these two normals is the cosine of the angle of rotation aroundν of the plane of the ray directionsα s andα r from the vertical plane containingν. This is the angle φ in Figure 2 .
The algorithm described by equations 36 through 39 can be applied to both isotropic and anisotropic migrations. However, it requires many local plane wave decompositions at every output location, and these decompositions have to be applied to every frequency slice on both source and receiver sides. It is still computational intensive for a large size 3D migration.
In Zhang et al (2005b) , we proposed a simpler and cheaper way of producing angle gathers for both 2-D and 3-D WEM. Such a method is based on the multiple-weight migration technique, which has been applied to Kirchhoff migration Chen, 2004) . For a single shot migration, we can output two images: one is the conventional common-shot image
the other one requires an additional weight:
Here, we can use equation equation 40 for cos θ. After migration, the ratio between the two images gives the subsurface angle information at each image point
For WEM, there is a simple relation between cos θ, frequency ω, wavenumber (k x , k y ) and wave
Therefore, equation 43 can be recast as the following imaging condition for WEM 
After obtaining the angle information at each imaging location, we can sum the SDCIGs into different angle bins to produce ADCIGs. This method treats 2D and 3D in the same manner.
Comparing with Sava and Fomel's (2003) method, instead of generating outputs consisting of many cubes I(x; h x , h y ) , we only need to generate two images, I and I 1 , from a single shot migration.
In addition, the angle conversion relation in equation 44 is much simpler than the 3D conversion in equation 32. The drawback of this multiple-weight migration method is that the conversion relation 44 requires a division of the two images that may cause instability when the magnitude of I is small. To overcome this, we have to apply a standard regularization technique to guarantee the stability. Another problem that occurs is multi-pathing, that is, when the source wavefield has more than one arrival at a subsurface point. Each arrival provides a contribution to the output at the image point and equation 44 will fail to compute the reflection angle. So far, we have only tested our method on some simple velocity models.
NUMERICAL TESTS
To show how true amplitude common-angle migration works, we apply it to a 2-D horizontal We use the multiple-weight migration method to obtain the angle information from the horizontal reflectors at different depths and show the results in Figure 5 . The blue curves are the reflection angles calculated from the ratio 44, while the purple curves are the exact reflection angles computed from analytical formulas. We can see that for such a synthetic example, the method we propose gives highly accurate angle information.
In Figure 6 -top, we show the ADCIG's at the output location x = 0 with an angular bin size of 5 • . The normalized peak amplitudes along the reflectors in the angle-domain are shown in Figure 6 -bottom. It is clear that the amplitude in the angle-domain recovers the reflectivity accurately over a large angular range, aside from edge effects.
The second example is the Sigsbee2a model dataset (Paffenholz, 2001) (Figure 7 ). For the implementation details of solving true amplitude one-way wave equations, we refer the reader to the paper by Zhang et al. (2005a) . In our program, we used high-order 2D finite-difference approximations with as many as five terms to compute the square-root operator Λ in equations 30-32 therein. Figure 8 is the full stack of the true amplitude migration output using algorithm 1, 2 and 5. We also calculate angle-domain common-imaging gathers at all the trace locations and show five of them in Figure 9 -top. These 2-D angle gathers were obtained by applying Sava and Fomel's (2003) method as defined by equation 31. The angle range is from 0 • to 60 • . As a comparison, we illustrate the angle gathers at the same locations from conventional one-way wave equations in Figure 9 -bottom using the same display style. Here, "conventional" means the operator Γ is ignored in one-way wave equations as Claerbout (1971) and Gazdag (1978) originally proposed. Comparing the two ADCIGs from different migrations, we find the result from true amplitude migration makes more geological sense: the amplitude across the angles and along the depth is more balanced. Also, the amplitude at the salt boundary, bottom flat reflector and strong diffractors is more prominent for interpretation. To illustrate how the image and illumination vary with location and angle, we stacked the angle gathers in different angle ranges and show four different locally stacked sections in Figure 
CONCLUSIONS
We demonstrate how to obtain true amplitude common-angle image gathers from both commonshot WEM and double-square-root WEM. True amplitude common-angle migration has certain advantages over other domain migrations because it directly generates useful information for AVA analysis; it also provides a basis for migration-based velocity updating, although we did not discuss that issue in this paper. Early on, Claerbout introduced both deconvolution-type and correlationtype imaging conditions in wave equation migration. Furthermore, he noted that they give different migration amplitudes, though they provided the same phase/kinematics of the images. This paper reconciles the two imaging conditions in the sense of true amplitude migration. Our analysis indicates that the p U p * D imaging condition is a good candidate to produce true amplitude ADCIGs. This conclusion can be directly generalized to reverse time migration and other kinds of wave equation migration. In reverse time migration, the downgoing and upgoing wavefields are computed from two-way wave equation migrations, which carry correct amplitudes. To generate true amplitude angle-dependent reflectivity maps, the correlation-type imaging condition needs to be applied.
Taking 2-D true amplitude migration as an example we summarize the amplitude weights in different domains in Table 2 . From the table, we can see that both common-shot and common-receiver use the ratio of two ray amplitudes. The inversion will therefore be unstable if the denominator amplitude is small. However, the amplitude weight for 2-D common-offset migration is the sum of common-shot and common-receiver migration weights. Therefore, the stability of common-offset migration is even worse. On the other hand, the migration weight for common-angle migration is just a product of wavefield amplitudes providing the most stable true amplitude migration of which we are aware. Table 2 : 2-D true amplitude migration weights for different domain common imaging gathers.
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